Structural Analysis of Nonsquare Matrices
Using Permanent Theory
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Summary

Many studies of permanents theory are related on doubly stochastic n-square matrices. In this
paper, we define a partial doubly stochastic mxn matrices and analyze the structures of such
matrices and their permanents. And we investigate the structures of fully indecomposable mxn
matrices, partly decomposable mx n matrices and contraction matrices of partial doubly stochastic

matrices.
. ion and preliminaries = S8 e

1. Introduction P Per(A)= X 2,080 Bmo(m)

Many studies on permanents theory are where the summation extends over all
related on doubly stochastic n-square ma- one-to-one functions from {1, ---, m} to {1,
trices. In this paper, we define a partial -+, n}. The sequence (au(l). e Ba(m) is
doubly stochastic mXn matrices and called a diagonal of A.
investigate such matrices. Let Men denote the set of all n' sequences

Let A=(a;)be an mXn matrix over any w=(w, -, w) of integers, 1&w&n, i=l,
commutative ring, m<n. The permanent of A, -, 0. Let Q denote the subset of [,
written Per(A), is defined by consisting of all increasing sequences,

* ENREEAYE BiEnt

-105-



2 Cheju Nalional Universily Journal Voi. 28, Nalural Sciences (1989)

Q ={w, -, wl= [ 1&w{-Kwsn)
Let A=(aij) denote the mXn matrix with
entries from real numbers and let aEQh.m and
#=Q, ,- Then A(a: 8] denotes the hXk
submatrix of A whose (i, j) entry is aay; And
Alal8) (m-h) X (n-k) sub-
matrix of A complementary to A{a|B)— that
is, the submatrix obtained from A by

denotes the

deleting rows a and columns 8. The other
definitions are refered to (4) "Permanenis.

In this paper, we analyze the structures of
fully indecomposable mXn matrices and
partly decomposable mXn matrices. In par-
ticular, we define doubly c(k)-stochastic
mXn matrices and investigate such matrices.

we assume that m<£n for all mXn matrices

in this paper.

2. The structure and permanents of
doubly c¢(k)-stochastic mxn
matrices.

DEFINITION 1. A nonnegative mXn matrix
is called doubly ¢(k)-slockastic if all its row sums
and kx column sums are 1 but its remaining
{n-k) column sums are-rnﬂ:-l%for some 0<k{m
<n. If m=n, a doubly c(n)-stochastic
matrix is called a doubly stochastic mairix.

For examples, let

o m].—-
o m'.—-

roi'—‘

o W= wl—
o9}
I

o= Wl o
oAes oo
o ofw o|w
©  oofew oo|we

oofen

Then A is a doubly c(1)-stochastic 3x4
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matrix and B is a doubly c(0)-stochastic 3X4
matrix.

DEFINITION 2. ((4)) A nonnegative mXn
matrix A is called fully indecomposable if
Per(A(i|))>0 for i=1, ---, m, and j=I,

n. Otherwise, A is called parlly decomposadie.

THEOREM 1. ((4)) Let A be a
nonnegative mxn matrix. Then Per(A)=0 if
and only if A contains an sXx (n-s+1) zero
submatrix. (Extended version of Frobemius and
Kinig Theorem)

LEMMA 2. An mXn matrix A is partly
decomposable if and only if there exist
permutation matrices P and Q of orders m

and n respectively, such that

Cc

(1
D]mxn

PAQ= [ 13

where 0 is an sx {(n-s) submatrix (s=1).

Proof. If A is an mxn partly
decomposable matrix, then there exist i and j
such that Per(A(ilj))=0. By Theorem 1,
A(ilj) contains an sx({(n-1)-s+1) zero
submatrix. Hence A contains an sx(n-s)
zero submatrix.

Now, assume that there exist permutation
matrices P and Q of orders m and n
respectively such that PAQ is of the form
(1). Let (i,j) be a position in the submatrix
C of PAQ. Then (m-1)x(n-1) matrix
PAQ(i|j) contains an sx ({n-1)-s+1) zero
submatrix. By Theorem 1, Per(PAQ(ilj))=0
and hence Per(A(ilj)}=0. Therefore A is a
partly decomposable mxn matrix.

THEOREM 3. If an m»n matrix A is partly
decomposable doubly c(k)-stochastic (k>0),
then there exist permutation matrices P and
Q of orders m and n respectively such that

PAQ is a direct sum of an s-square doubly
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stochastic matrix and an (m-s)x (n-s)
doubly c(k-s)-stochastic matrix.

Proof. Since A is partly decomposable, for
some permutation matrices P and Q of orders
m and n respectiv\ely, Lemma 2 implies that
PAQ is of the form (1) in Lemma 2. Since
PAQ is doubly c(k)-stochastic, the sum of

entries in last s rows of PAQ is s and hence
o(D)=s

Where o(X) denotes the sum of entries in
the matrix X. Since D is s-square and
nonnegative, the sum of every column in D
is 1 and hence s = k. Similarly, considering
the entries in the first n-s columns of doubly
c(k)-stochastic matrix PAQ, we can con-

clude that

o(B) = [:T—: x {n~k)+1x (k-s) =m-s.
But

m=0(PAQ)=0¢(B)+4(C) +0(D)
>(m-s)+0(C)+s=m+a(C)

and therefore
a(C) £0.

Since C is nonnegative, we must have
C=0

and thus
PAQ=B®D

where D is an s-square doubly stochastic

matrix and B is an (m-s) X (n-s) doubly

c(k-s)-stochastic matrix.
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THEOREM 4. A doubly c(0)-stochastic
mxn matrix is fully indecomposable if m{n.

Proof. Let A be a doubly c(0)-stochastic
mx n matrix with m{n. Assume that A is not
fully indecomposable. Then there exist
permutation matrices P and Q of orders m
and n respectively such that PAQ is of the
form (1). Since the sum of entries in the
last s rows is s and the nonzero entries in

them are all in the submatrix D, we have
a(D)=s.

Since A is doubly c(0)-stochastic and
nonnegative, the sum of entries in the last k
columns is greater than or equals to the sum

of entries in the submatrix D. Hence

% x s 20(D)=s.

Therefore m -n, which is impossible. Hence
A is fully indecomposable if m<{n.
THEOREM 5. The permanent of a doubly

c (k) -stochastic mx n matrix is positive.

Proof. If Per(A)=0, then by Theorem 1,
there exist permutation matrices P and Q
such that PAQ is of the form (1), where the
zero submatrix is sx (n-s+1) matrix. Since
A is a doubly c(k)-stochastic mxn matrix,
we have

m=0(PAQ) .- o(B)+0(D)
Now, all the nonzero entries in the last s

rows are contained in D and thus
a(D)=s.

This implies that s<k. Similarly, all the
nonzero entries in the first (n-s+1) columns

are contained in B and thus
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o)z I X (n-k) +1x ((n-s+ D-(n-1))
=(m-k) + (k-s+1)=m-s+1
But
m=o(B)+0(D) >(m~s+1) +s=m+1
which is impossible.

COROLLARY 6. Every doubly
c(k)-stochastic matrix has a positive diag-
onal.

LEMMA 7. If A is a fully indecomposable
mXn matrix and c)0, then for every i and j,
Per(A+ cEij) >Per(A)
where Eij denotes the mxn matrix with 1 in
the (i,j) position and zeros elsewhere.
Proof. Using the expansion theorem for
permanents, we have

Per(A+cE)= £ a Per((A+cE) D)

j=1 "1

=Per(A) +cPer(AGlj)).

Since A is fully indecomposable,

Per(A(ilj))>0 for all i and j. Hence we have

the result.
THEOREM 8.

fully indecomposable (0,

If an mxn matrix A is a
1)~-matrix, then

Per(A+t);_l Ei,i,)=Per(A)+r.

Proof. Since A is a (0, 1)-matrix, def-
inition 2 implies that Per (A(ilj))=1 for all i
and j. Therefore,

Per(A+Eiljl) =Per(A) +Per(A(,lj))
=Per(A)+1

by lemma 7. Clearly A+Ei,j. is fully
indecomposable. The result now follows by
induction on r.
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THEOREM 9. Let

A, By 0 0
0 Ap By
A= @
0 Y Ar—l Br‘-l
0 0 A
LB" " Jmxn

be a nonnegative mxn matrix, where A| is a
fully indecomposable m X1 matrix, i=1,
r, and Bﬁeo, i= 1,

indecomposable.

-, r. Then A is fully

Proof. Suppose that A is partly

decomposable—i.e., that A(a|s)=0 for some
a=Q, ,and 350111' where s+t=n. Let §; of
rows a and tj of columns B intersect the
-+, r. Then s;+s;+--+s;

=s)1, so that at least one of the sj must be

submatrix Aj j=l1,

positive, Similarly, at least one of the t; is
not zero. Now, since each Aj is fully
indecomposable and it contains an sj><tj zero
submatrix (unless either sj=0 or tj=0). we
must have sj+t.J £n, where equality can hold

only if sj=0 orvtj=0. But

and thus sj+t’.=n‘i for every j. It follows that
r. But not

either sj-—-O or tj=0 for j=1, -,
all the s; nor all the tj can be zero, and
therefore there must exist an integer k such
that s,=n_and t,,,=n, H(subscﬁpts reduced
modulo r). It follows that B, is a submatrix

of a zero submatrix, contradicting our hy-



Structural Analysis of Nonsquare Matrices Using Permanent Theory 5

pothesis.

THEOREM 10. A fully indecomposable
mXn matrix A has a row stochastic matrix
which has the same zero pattern as A.

Proof. Since A is fully indecomposable,
Per(A(ilj))»0 for all i,j, by definition 2. Let
S=(s.u.)be the mxn matrix defined by

sij=aijPer(A(il i))/Per(A)

i=1, -, m and j=1, -, n. Clearly S is
nonnegative, and it has the same zero pat-
tern as A. Also for i=1, -, m,

n 1 n

Els” = Perta) j§1 a;;Per(ACi 1))

Per(A) = 1

Per(A)

Hence S is row stochastic.

DEFINITION 3 ((1,3)). If column h of an
mxn matrix A contains exactly twe nonzero
entries, say, in rows i and j, then the
(m-1) x (n~1) matrix C(A) obtained from A
by replacing row i with the sum of rows i
and j and deleting row j and column h is
called a contraction of A.

THEOREM 11, Let A be a nonnegative
mXn matrix and let C(A) be a contraction of
A on column h relative to rows i and j.

(i) If rows i and j each contain at least
two positive entries, then A is fully
indecomposable if and only if C(A) is fully
indecomposable.

(i) If A is a doubly c(k)-stochastic
matrix such that a;+ay =1, k=1, then C(A)
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is a doubly c(k-1)-stochastic matrix.

Proof. It suffices to consider the case
where C(A) is the contraction of A on
column 1 relative to rows 1 and 2. Thus A
and C(A) have the form

a, U Uu+v
A=la, V C(A)=
0 B] mxn B (m-1)x (n-1)

where a,*=0=ra,,.

(1) Suppose C(A) is not fully
indecomposable. Then there exist_S an sxt
xt of C(A) where
s+t=n-1. If 0, is @ submatrix of B, then

zero submatrix 0

clearly A has an s x(t+1) zero submatrix
where s+ (t+1)=n. Hence in this case A is
nof fully indecomposable. Suppose 0.y, is
not a submatrix of B. Since a,, and a, are
positive while U and V are nonnegative, A
has an (s+1)Xt zero submatrix where
(s+1)+t=n. Therefore A is not fully

indecomposable.

Conversely, suppose A is not a fully
indecomposable mxn matrix. Thus A
contains an sxt zero submatrix 0,5 With
stt=n. If 0, is contained in the last m-2
rows of A, then B, and thus C(A), contains
an s+ (t-1) zero submatrix with
s+ (t-1)=n-1. Let 0, , not be contained in
the last m-2 rows of A. Then, since a,, and
a, are positive, (,,, is contained in the last
n-1 columns of A. Since rows 1 and 2 of A
each contain at least two positive entries by
assumption, 0,,, is a submatrix of neither U
nor V. Hence C(A) contains an (s-1)xt zero
submatrix with (s-1)+t=n-1. Therefore
C(A) is not fully indecomposable.

(1) Since A is a doubly c(k)-stochastic
matrix, the sum of entries in the first two
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rows of A is 2. If a,+a,=1 in A, then the
sum of entries in the first row of C(A), that
is o(U+V), is 1. therefore C(A) is row
stochastic. Since C(A) is a contraction on
the first column of A, C(A) has only (k-1)
columns such that the sums of their columns
each are 1. And the sums of the other
m“:f , that is

(n-13-(k-1) columns each are
(m-1)-(k-1)
(n-1)—(k-1) - Hence C(A) is a doubly

¢(k-1)-stochastic (m-1)X(n-1) matrix.

Theorem 12. Let P and Q be m- and
n-square (0, 1)-matrices respectively such
that P has no zero rows and Q has no zero
columns. Then

(1) if PAQ is partly decomposable for
arbitrary mxn (0, 1)-matrix A having a zero
row, then P is a permutation matrix.

(2) if PAQ is partly decomposable for
arbitrary mXn (0, 1)-matrix A having a zero
column, then Q is a permutation matrix.

Proof. (1} Suppose PAQ is partly
decomposable for every A with a zero row.
Let A, be the matrix all of whose entries
equal 1 except those in the first row which
equal 0. Since Q has no zero columns, it
follows that A,Q=A,. Let P'=P(-, (2,

m]]mx(m__l) and let A|’=A1[(2. T m}'
-} (m-pyxn SO that all entries of A/ equal L
Then

PA,QZPA,=P’A/’

Since PA.Q is partly decomposable, it now

follows that P’ has a zero row. Since P has
no zero rows, we conclude that some row of
P equals (1,0, -+, 0). By considering the
matrix A, all of whose entries equal 1 except
those in row i which equal 0 (i=1, -, m),
we conclude in a similar way, that for each
i=1, -, m, some row of P contains only 0’s
except for a 1 in column i. Hence P is a
permutation matrix.

(2) Suppose PAQ is partly decomposable
for every A with a zero column. Let A, be
the matrix all of whose entries equal 1 ex-
cept those in the first column which equal 0.
Since P! has no zero columns, it follows that

AlP'=AL Let (Q)'=Q(-. (2
0} ey 2Rd let (A=A ({2, ).
*Jp-1xn SO that all entries of (A}’ equal

1. Then

QAPZQA=(Q) (ALY -

Since Q'A/'P' is partly decomppsable, it now
follows that (QY)’ has a zero row. Since
Q! has no zero rows, we conclude that some
row of Q' equals (1,0, -+, 0). By

considering the matrix A, all of whose entries
equal 1 except in column j which equal 0
(j=1, -+, n), we conclude in a similar way,
that for each j=1. -+, n. some row of Q'
contains only 0's except for a 1 in a column

j. Hence Q and Q are permutation matrices.
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