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I. Introduction

Suppose X;, Xo,---, X, are n independent
variables, each discrete cumulative distribu-
tion function P(x) over x=0,1,2-.-, Let X,.,,
(r=1, 2, ---.n) be the rth orerder statistic
for these variates and let F, . ,(x) be the c.d f
of X, ., Then the c.df F,.(x) is given by

(LDF . (%) =i£:,r(?)13i(x)[l-F'(x)J"_l

From the relation between binomial sums
and the incomplite beta function, we write
(1.1) as

a2y F r:n(X) = Ip(x)(n,n—rf-l)

Where | p(a'b)sz: to (1-t)> " 'dt

The bivariate joint c.d.f of X, ., and X, .,
(Isr<s<n) is conveniently denoted by
Frs:n (x. y). Then F . ,(x, y) is obtained by

a direct argument. we have for x(y

i !
19 F rnGe0= & 2T

&l

« PI(x)(P(y)-P(x)) "i(1-P(y))" "}

Also for x>y the inequality X, .,<y implies

X, .n<x, so that

(1~4) F rs:n(er)st:n(y)-

Generally we may remark that a similar
argument leads to the multivariate joint c.d.f
of the

an:n- anln, ey Xnkin(lsnlﬁlz('“
{n{n). We have for x;<{x;< - <{xy

(1-5) F nyDg - My :nkxl»xz D xk)

n s s, pS1
—nl % s gP_(’ixl

s
5= 0y S K- 1T

k—l[P(Xi+1)‘P(xi)Jsi+l—i‘;}
.{i=| (si”—si)!

L (-PCxy ) )" Sk
n=sy

if X;>x;(1<i<j<k), then we obtain

(1.6) Fn,n, ...nk:n(xlvxz""txk)
=Fn, "'ni—lni*rl'r&:n(xl'.”' Xi-1Xj+10" 0

xk)

— 153 —



2 Cheju National University Journal Vol 20 (1985)

fon, -y in(xy,x,, o0 X))
m-1 nny

II. Probability Functions - > r (1h
mn, -y S0 ,=o0s,t  §
k-1
Suppose that p(x) is the probability func- T (njyy-n; -1
tion corresponding to the c.d.f P(x) over x= . (n::k) Y l
0.1,2 ---,. Let f, . 4(x) be the p.f of X;.,. Then i’:I[(niﬂ_ni'siﬂ_ti_l)! Sialt;!]

from (1.2) we have the expressions
LT (PCx,=1)-POx DI o1 B Sierticl)
(21) fr:n(x)=Fr:n(x)_Fr :n(x_l) 1= X
CEACCR ALY
=Ip(x)(r.n—H—l)—Ip(x_l)(r,n-r.}.l) i=0

k .
Sofy I m B2 E 2,1 i02))
the bivariate p.f f,:.(x,y) and the multi- !

variate pf fnlng---nk:n(xl »Xq,00, X ) fol- -dz,dz,---dz,
low from (1.4)~(1.6). For x; (x, {--+ (X, where the sumation 3 subject to ti=m;,,;
since —-n—1(=1,2 -, k=1) and s;=nj—n;_1—t;_,
fn,n ...nk;n(xlxz, ey Xy ) —-1(1=2,3, -+, k). Interchanging the suma-
122 D & tion and integral signs, we simplify this
= - S . .
s; 0.1 i=1 equation repeatedly. Putting v, = P(x;)—2;
1{ick pxiXi=k k-1, 2), and v;=P(x,-1)
: Fn,n,-'-nk:n (X1=8),Xp-8,, X3 -8 ), + z,p(x;), we have
1n, R S
it has been definded that xo=—1, X, 4= o 5, ““{“* “-'“'-zl: tizg-l (@irrnily
np=o and ngy1=n+1 we have ti=o Si=0 tiva
fnlnc coony KX %) fin st =D s N0y —POx; i itz
k  yysitetl o n—t.—1 Y
=n =iz P00 POxg- T T S T

o o [pCx 0y =D-PCx ) P By Sin -1 |

vz: Yic1oy Sid .
i=1 (nyn;-s; -t -7 Zi -z s,

where 3 denotes the sumation over non-

= 1 P(x;) i 1704y
L G T Ip(xi'lgvi i)
negative integral values of s), t, sz, tg, +-

’

s, te subject to s;+t<n;,, —n; -1(1=1,2,

it -1
-, k), and it is that t,=0 and s,4;=0. Set- CviPCx; P AT gy,
ting
for i=k, k-1, .-, 2 and
n}
= k -1 -
nln2 eIy 1_:] (ni+l_ni-l)! J—’ni: nz;l l(nl—l) (n,-nl—l)
! 0 0t — 5 t
s, =0t,=0

we may write

Lo )P oy st
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-I_p(x,)ﬁ‘ﬁl-["*'1 z,sl(l—zl)t'dzl

Igg(l_l) vi 1(V'z"’l

n2—nl—ldv1

therefore, we obtain

2.2 fnn2 nkn(x"xz’“’xk)
_Cn P(xk) P(xk-x)
nyng -y P(Xrl)JP(xk_l-l)
(xy) —1 k=1 i+ -1
‘[};(xll—l) 3 l’rl (V'H-V) l }

(=) Mdv,dv, -+ dv,

the right hand side is the Dirichlet integral.
this probability function may be extended as
follows. For x;<x, < < X,

n
(2.3) fmnz-..nkiglxl'xz'm' %) —Cnnnz R ™
P(x) Qi1 1 ny-1
Ip(xes- 1)fp(xk l)flg(xrl)l
k-1 ,+1_ni—1

S ACE }(l—vk)n_nk

i=1
-dvydv, ---dv,
where Qi=min jviy, P(x) (i=1.2 -,
K—1). we derive the relationship of the

bivariate pf f(x,y) for x=y in particular

1’rs()(-x)

Ty n}
-5 j=0 (r=1-1)1(s=r+itj+1) ! (n-s—j)
.[P(X_I)J’_l— [I(X)szﬁ+j+1[1_JJ(x)Jn—s—j

=c T % by P Ge-1)7i
z

Irs i=o

'[KX)J‘_THH*.I[]—P(X)] n-s—j

s—r—1 j s—r+i

1
-f flzi(l—z,) z (1—22) dz,dz,
00

r=i—1 _t

J,L1-PGO

n

b1
=C X (,)F&-1D)]
rsi=g
+2,p() )" (P(x)- 2,001 pCx)dz,
fi2i(1-2y) dz,.
1
putting v=P(x)—zop(x). we have

n Tl p g r—i-1
frs(x,x)zcrs Z}O( ; XP(x-1))

E ))( 1-v)"_s[v_}>(x—1)]“”i dvf;z:

s—r-1

«(1-z,) dz,

1 —
= Crs PE:_)I){_[O[P(x—IHZ,v—zlP(x—l)] 1

v P(=1)-z,v+2,P(x-1)T "
- v-P(xeH))dz, (1) AV

Putting u=P(x—1)+zv—zP(x—1). we obtain

the equation

x) v
(2.4) frs(x’x) :J-IEEX—I) J-P(X—l)
ur! (v—u)s_r_l(l“’)“_s dudv.

Accordingly for x<y the bivariate p-f{
fc (x,y) may be written as

P r-
(2.5) frs(x.y)=fp$1 g(x—l)u I

-0 ()™ dudv

where Q=min {v p(x)|

using the equation (2,5), we may easily
find the p.f fw,(w) and c.d.f Fw,(w) of the
range W, =X,—X,. when w)0,

e 5, 52 12,
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(v-u)""dvdu
= i:io{P(Hw)-P(x—l)J"{P(Hw)—P(x)J"

+(PCxtw1)-P(x) )" [ P(xtw-1)
-P(x-1)]"}

and when w=0.

2.7 fw,(0)=n(n-1) b ggifl)

=0

FEOO(v-u)" *dudu= £ (002"

so that we have

(2.8) Fw,(w)
=PI+ £ {(PGewk)-P(O)’

~[POetw)-P(x)1"}

for w=0.

Also we may find the pf fw, ., (w)and
cdf Fw,,41(w) of W, , 1 =X,,1—- X
from the equation (2.,5). Since for x(y

r

fr,r+t :n(x,y)
= (P (O-Pr - 1-Py-1)"
-(1-P(ITT,

2.9 fwp (W
=@ 2 (PrGO-P Ge1))
{(1-PCetw=1)3" "= [1-P(xtw))" "}
for w)0. From

fr,r-H(x’x)
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_ ﬂ! P(X) r-1 amr
= T px-np¥ (17w)" 7 du

~CHIPT (- (x-1DI1-PGOT" T,

(2.10) fwp, (0= 1-(D) 5'__50 P'(x-1)
—p* (x=1)] [1-P(x)Y" "
Therefroe we have

(2.11) Fwy @ =1-CD EJOEPr(x)

T (x-1)) [1-PCeiw)]"
for w>0.

[I. Moments and recurrence Relations

We write the population mean, vanance,
kth raw moments and kth factorial moments

as
(3.1) p=¢X, d?=varX, ¢* =eX"),

M (k) — E(X[k])

The moments of ordered stastics is defined

(3- 2) H:n =5Xr:nr #(‘) r:n=8(x:.n) s
62. = varxr:n! #rs:nze(xr:nxs:n)'

(a (a b

) a a
) 'n—e(xr:nxs:n)' 2

rsi rs.n

=X, X)), 87 = cov(X,. Xo),

Frn,-nyin = e(xnl ‘n Xnz :n'"xnk:n)

(a)

ﬂnlnz...q(:n = E(X;l ‘n X‘nz:n X

a
nyn

(al yag, o ak)
nn, - ng'n

- a a
=€ (Xn::n Xn::nmxfz:n)‘



Recurrence Relations for the Moments of Discrete Order Statistics 5

To obtain the mean and variance ot an
ordered statistic. we consider the following
Lemma.

Lemma 1. Suppose that p(x)(1=0.1.2,---) 1s
the discrete parent of which c.d.f is P(x). Let
g(x)=1-P(x) and define the generatng func-

tions

6(s) = % W(x)s , $(s)= Eo g(x)s" .
x=0 x=
If the &th factorial moment # i) exists, then

(3.3) npyy = ko)

therefore the mean and variance are given by

(3.3)" p=pgy= EO-POO)

d%= ﬂ[2]+1u(l—,u)
=2 Sx(1-P(x)].
x=0

Applying these results to the moments of
Xe.n, Woand W, 1, from (1.2). (2.8) and

(2,11) we obtain as
Theorem 2.
(3.4) sty = Z0-Ip(e)(r,nrtD)]
82 =25 x(1-Ipgy (r,n-r+1))
r.n x=0
+_4ur:n(1—/lr:n)
(3.5) €W, = E_'io{l_P"(x)- (1-P(x))"
d y
var W=2 £ X {1-P"(y)-(1-P(x))"
y=0 x=0

+[P(y) -P(x)])" }— eW_(1—eW,)

3.6) &W,=(D £ EPro

y=0 x=0

-Pr(x-1))(1-P(y))" "

varW, ,=(M £ £ (y-x)
y=0 x=0

(P (x)-P"(x-1)I1-P(y)]" °

+eW, oy (1-EW, ),
Proof. For any c.d.f P{x) the existence € x implies
i x(1—Px)»=0
we use this result. From (2, 14)

mxP(x) = lim

- X >

eW,W,-1) =2 £ wI-F, (%)
w=0 n

=2 ijoxtl—P"(X)J—z éo ifo w
A (P(xtwt1)-P(x) 1"-(P(x+w)-P(x)]"}.
But

EOW{[P(x+w+ 1)-P(x)J"-[P(x+w)-P(x)" }

= £ (w((1-PO I (PG w)-p() T
~wrt1D(C1-P() 1P +w+ 1D-PGOI™ |
+ £ (PG -(POetw 1D-PCO™)

2 ((1-POI-(Plebwt1)-PCOI™)

= £ (1P -(PGtw-PCOIM
(1-PCO3 = £ {T1-PCO)"~(P()-
P() " }-(1-PGOY"

Hence

™

Wn(wn_l)
2 2 {y(1-P" (I +(1-PT")

- 2% 5 {C1-PGOI-(P(y)-P(x)I™)
y=&=0
therefore

L Yy
varW, =2 Eo Zo {1-P*(y)-(1-PCOI"
y=0 x=
+(P(y)-P(x)]" }- € W,(1+€W, ).
The basic relationship between ordered stas-

tics and unordered statistics is
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X x* .. X%
(3.7 .;El,nl-n nain myin

= o3 X*ll x82 : x‘;]:

Where the signn%n is the sumation of all terms
corresponding to elpermutations My, N, <=0 Ny
which consists of different numbers of 1,2 .-, n
The lefthand side is only a rearrangement of the

right hand side. Using this relation we have

Teeorem 3.

@.8) J )=

nn,

nEka(a.) y(a.z) N CY)

-/1
n-k+1 n-kt2 n
3.9 b)) ) b))

n,=l n2=ﬂl+1 nk=nk_l +1

""x(xl:)n2 cemin = (P {F(a)}k
Corollary.
@10 2 £ @

r=1 rnT ny

(3.11) 8 1o = 02

dpda
[WwE]

r s=1

We consider contraction for sample size.

Theorem 4.
n-k+! n-ki2 n
(3.12) z b ok z

n=l n,=n;+1 m=n,_,+1

(a]v a5,

#nln2 ‘ny - n

(‘P u (ahazv * ak)

Proof. Since

Cﬂ [ij( |+l"l 1) .
nlnz'“nk i=1
k
=k!
Cl|2) A 'k *

where n,,,=n+1, and in (2,3)

ni*l_l niﬂ—i—] -1
(

n;—1 n.,,-n:
) )vi i (vi+l—vi) i+l i
n;=; n;-1

= v M Gi=g g, e KD

where vy, =1, Theorem 4 follows.
We have the following recurrecne relations be-

tween the moments of order statistics.

Theorem 5.

a. , )
Z(n'“ ~hi )'U( " -n; ;l.ﬂl+l nkalx(l

(3.13)

— n#(a 'a2 A ?k)
nynj --- ngin-1
where nyg=1, ng,,=n+1 and nl=n;-1

(i=0,l,2,"'k)

Proof. Since

n—1 n

nCn;n/ wenj _(ni+]_ni)cn; e nf.ny 0y
T 2

and in(2,9)

k
'go(viiq -v;) =1

where V,=0 and V,,;=1, Theorem 5 follows.
Applying Theorem 5 we have

Corolary.
(3.14) (n- f)#(a) r#iﬁ = ﬁ“,),_l

) ; i-1y n v (a)
@8 £ = 1 ATD e il
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(3.16) (n—r)[nj/,egz:’r)1 = ,%o(-r)[i]n[m—i]

(a)
) (T) #ril ‘n-mi

n 1 n 1 (a)
(3.19) X T#(iz.al)l= E MG
i=1 1 .

i=1 1

n 1 n 1 (a)
3.20 L —— 1(33 T oo

n-i+1 i=1 1
@an #8) = EQIDOEDT 4 (@)
nTM op-r-i,, r+i
(3.18) (r = ECL ICT Dby
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